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Abstract

Background. Representations learned from electronic health record (EHR) data encode patient
physiology together with the clinical process that decides what is measured, when, and for
whom. Whether analysis of observational data can undo this entanglement has not been formally
characterized.

Methods. We formalize the clinical data-generating process with latent physiology, latent
ordering intent, laboratory values that exist only when measured, a learned representation, and
clinical environments. We analyze two strategies for separating physiology from care process,
dividing the information carried by laboratory “value” and “ordering” channels within one dataset,
including by partial information decomposition (PID), and cross-site tests of representation-
conditional outcome invariance, and we examine what changes when a test is performed for every
patient.

Results. When ordering depends on the analyte, its distribution among untested patients is
not recoverable, so no division of value and ordering information is identified; and because the
recorded value is undefined rather than missing when no test is performed, a sentinel code makes
the encoded value carry all of the entropy of the ordering indicator and fixes PID for every
redundancy measure that satisfies the Williams—Beer axioms and is invariant under injective
re-encoding, a class that includes the standard measures. Cross-site invariance is a falsifiable
implication of biological invariance taken jointly with explicit exclusion and representation-
sufficiency conditions, but it is not an identification strategy. An explicit construction shows that
any model in which biological invariance holds but the invariance test fails is observationally
equivalent to a model in which biological invariance is false, and that passing the test does
not establish it either. For binary physiology the construction applies exactly when case mix
differs across sites, the representation is lossy, and physiology affects the outcome; for finite state
spaces it applies for almost all parameter values. A worked example yields a 9.6-percentage-point
cross-site outcome gap under an unchanged biological mechanism. Tests performed for every
patient remove the ordering gate, and measured tests can restore identification: biological
invariance is identified when a test summarizes the outcome-relevant physiology exactly with the
same assay at every site, or, for binary physiology, when two tests with independent errors are
available at sites with different case mix.

Conclusions. Within the model class studied here, cross-site comparison of learned clinical
representations can falsify or corroborate a stated joint hypothesis but cannot identify biological
invariance from observational data alone. Such analyses should be reported as tests of that joint
hypothesis, with sensitivity analyses, routinely measured anchors where available, and, where
possible, interventional variation in ordering.

Keywords: electronic health records; informative missingness; selective measurement; causal
identification; observational equivalence; invariant prediction; missing data; partial information
decomposition; health equity



1 Introduction

A laboratory value in an electronic health record (EHR) exists because a clinician, working under
local protocol, staffing, and judgment, decided that the test was worth ordering at that moment.
The recorded value therefore reflects several processes at once: the patient’s physiology, the decision
to measure, the timing of that decision, and the effects of treatments already given. A representation
learned from such data compresses both the physiology being measured and the institutional
attention that decided to measure it [1, 2]. The presence and timing of an order, independent of the
result, predict three-year survival for most common laboratory tests [1], and laboratory measurement
patterns, such as how often a test is repeated over time, capture the clinical context in which it was
ordered, so that aggregating values across these patterns can bias analyses [2].

Prior work has shown that this entanglement arises from how routine clinical data are generated,
so that the data encode the care process as well as the patient [1-6]. If the entanglement is a
property of the data-generating process, can a sufficiently well-designed method applied to the
data resolve it? Two strategies suggest themselves. One decomposes, within a single dataset, the
information carried by a laboratory’s value from the information carried by the decision to order it.
The other compares the same learned relationship across independent clinical environments, on the
premise that biology does not depend on the hospital while practice does.

This paper shows that neither strategy does what it is usually taken to do, and says what each
can establish instead; full proofs and an extended review are in the Supplementary Information
(SI). Separating what a laboratory’s value says from what the decision to order it says fails in
a single dataset for a structural rather than statistical reason. When ordering depends on the
analyte, its distribution among untested patients is not recoverable, so no division of the information
that value and ordering carry about the outcome is identified; and encoding unmeasured values
with a sentinel makes the recorded value carry the ordering decision itself. Partial information
decomposition (PID), the method usually proposed for this separation, inherits both problems
(Theorem 1, Corollary 1). Cross-site invariance of the representation-conditional outcome law
is a falsifiable implication of biological invariance taken jointly with explicit auxiliary conditions
(Theorem 2). Biological invariance itself is not identifiable from observational data: for any model in
which it holds but the invariance test fails, there is an observationally identical model in which it is
false (Theorem 3), and passing the test does not establish it either (Proposition 1). We characterize
when this occurs, exactly for binary physiology and generically for finite state spaces (Propositions 2
and 3), and give a worked example that can be checked by hand. Measurements made for every
patient remove the ordering gate, and we show when they and other measured tests can restore
identification of biological invariance (Propositions 4 and 5).

The negative result turns an assumption that is usually left implicit, that cross-site agreement
reflects shared biology, into an explicit identification boundary, and it says which kinds of evidence
remain available. The EHR contains structured laboratory results and vital signs, medication
administrations, diagnosis and procedure codes, imaging, clinician and nursing notes, and the
metadata of all of these (time stamps, frequency, authorship). Selectively ordered laboratory tests
are our canonical case, but the results apply to any feature whose presence or timing is decided
by the care process; data recorded by protocol for every patient are the limiting case without a
selective-measurement channel, and Section 4.5 shows what they make possible.



2 Background and related work

Selective measurement in EHR data. EHR data are shaped by clinical decision-making as well
as by disease. The presence and timing of an order carry prognostic information independent of
its result [1]; measurement patterns over time capture the clinical context of a test, and pooling
values across them can bias analyses [2]; missingness reflects what clinicians believed and did [4];
the intensity of contact with the health system shapes which variables are observed at all [6-8];
and documentation behavior is itself a clinical signal, as in the CONCERN early warning system,
which predicts deterioration from real-time patterns of nursing surveillance documentation and was
evaluated in a multisite cluster-randomized trial [9]. Using a proxy shaped by unequal access as a
stand-in for need can produce inequitable algorithms [10], and encoding social and institutional
patterns in clinical algorithms more broadly can produce or amplify inequity [11, 12]. This literature
supplies our empirical premise: selective measurement is pervasive and clinically meaningful, and it
is not random missingness in Rubin’s sense [13].

Dataset shift and invariance. Embedding methods that integrate sparse, heterogeneous EHR
data can improve prediction [14], but compression does not separate the origins of the compressed
signal. Dataset shift in clinical artificial intelligence (AI) arises from changes in practice as well as
in populations [5], and a model’s robustness depends on which causal mechanisms it relies on [15].
Invariant causal prediction and invariant risk minimization use stability of a relationship across
environments as evidence of causal structure under stated assumptions [16, 17], anchor regression
uses heterogeneity across environments to obtain predictors robust to bounded shifts [18], and work
on domain adaptation recovers a changed conditional distribution from unlabeled target-domain
data only under structural restrictions on how it changes [19].

Identification and information decomposition. Transportability theory, built on the struc-
tural causal model framework [20], characterizes when causal relationships carry across environments
[21, 22], and partial identification provides bounds when point identification fails [23, 24]. PID splits
the information that two sources carry about a target into redundant, unique, and synergistic parts,
defined through axioms rather than a single formula [25-27]. Recent work corrects PID estimates
for missing modalities by inverse-probability weighting under missingness at random [28]. That
correction targets values that exist but were not observed; Theorem 1 concerns laboratory values
that do not exist, for which there is no complete-data distribution to recover.

Relation to known identification results. The non-identifiability we establish has close
relatives. Read E as an exposure, Z* as a mediator, and Z as a mismeasured version of it:
measurement error in a mediator biases estimates of direct effects [29], and an association that
remains after adjusting for a mismeasured mediator need not reflect a direct effect [30]. The
cross-site gap of Proposition 2 is an instance of this. Effects can be restored from proxies of an
unmeasured confounder when the measurement process is known or constrained [31], or when
at least two proxies satisfy rank or completeness conditions [32], and latent-class parameters are
generically identifiable from several conditionally independent indicators [33], as in the estimation
of diagnostic error rates without a gold standard [34]. The model class studied here imposes none
of these restrictions. Structural undefinedness (Section 3.2) parallels outcomes truncated by death,
which are undefined rather than missing [35]. Our contribution is therefore not the existence
of non-identifiability as such, but (i) a separation of what cross-site comparison of learned EHR
representations can falsify from what it can identify, with the auxiliary assumptions named; (ii)



exact and generic characterizations of when the construction applies; (iii) a calculable sensitivity
model; and (iv) reporting recommendations for EHR research.

The gap. Even within one health system, similar observed EHR states can arise from different
underlying physiology. Across systems, differences in measurement, test ordering, documentation,
and practice add further variation to what is observed, so an observed cross-site difference need not
reflect a difference in biology; it may arise from who the patients are or from how they are observed
and treated. Prior work has documented this ambiguity empirically without a formal identification
result [1, 2, 6], or has invoked general non-identifiability intuitions from causal inference and domain
adaptation without a construction specific to EHR measurement [16, 19]. To our knowledge, no
clinical informatics work has explicitly constructed distinct data-generating processes, one with
and one without cross-site biological invariance, that produce the same observed EHR data under
selective measurement. We provide that construction, extend it to learned representations and the
full observed record, and characterize when it applies.

3 Formal framework

3.1 Variables and data-generating process

We write Z* for the latent, complete physiological state; Z for a learned representation, a fixed
measurable function of the observed record (for example, a frozen encoder); E for the clinical
environment (hospital or health system), taking values in a finite set £ with p(e) > 0; S* for the latent
ordering intent; C' for censoring before measurement (death, discharge, comfort care); S = S*(1—C)
for the indicator that the test was performed; V for the recorded laboratory value, defined only on
{S =1}; and Y for the outcome. Censoring and outcome are distinct: C' refers to the measurement
window, whereas Y is assessed over a later horizon. X 1L W | U denotes conditional independence.
Invariance statements are made on the shared support Zg, := {z : p(z | €) > 0 for all e}.

Figure 1 shows the data-generating process. The environment affects both who the patients are
(case mix, E' — Z*) and how they are managed (practice, E — S*). The measurement indicator
gates the existence of the recorded value, and the representation is computed from the record. The
graph omits the edge ' — Y because that absence is the hypothesis under investigation.

3.2 Structural undefinedness

The physiological quantity that a test would assay, such as circulating lactate, is part of Z* and
exists whether or not a test is ordered. We write V° for the value the assay would return, so that
V =V°on {S = 1}. The recorded value V is different: it is the output of a measurement event,
with a specimen, an assay, and a time stamp. When no test is performed there is no such event,
so V has no value at all: it is structurally undefined. This distinguishes it from a latent quantity
(which exists but is never recorded) and from a missing value (which was generated but lost), to
which standard missing-data theory applies [13] (SI Table S2). Analysts usually make V' defined
everywhere with a sentinel: for a symbol @ outside the range of V' (for lactate, —1 serves),

V:=Von{S=1}, V:=o on {S =0}. (1)
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Figure 1: Clinical data-generating process. Dashed circles are latent; shaded circles are observed;
the double circle marks a deterministic node (S = S*(1 — ()); the tan node V exists only when
S = 1. The environment enters the record twice, through case mix (E — Z*) and through practice
(E — S%), so any representation Z computed from the record inherits both physiology and care
process. The absent edge £ — Y encodes Assumption 4, and the absent edges S — Y and Z — Y
encode Assumption 6a (both stated in Section 3.3).

Because V = & exactly when the test was not performed, the encoded value contains the ordering
decision (Figure 2).

Eq. (1) is the proxy variable of the missingness graphs (m-graphs) of Mohan and Pearl [36, 37].
In their notation V° is a partially observed variable, Ry. = 1 — S is its missingness mechanism
(R = 0 when the value is revealed), and V is its proxy, equal to V° when Ry. = 0 and to the symbol
m, our &, otherwise. Figure 2a can be read as an m-graph, in which the path from V° (a component
of Z*) through ordering intent to S makes the analyte an ancestor of its own missingness indicator.
We keep the symbols S and V' because the ordering decision is a variable of interest in its own right,
not only an indicator of missingness. The two framings differ in what the empty entry denotes. The
m-graph reading treats it as a value that exists but is concealed, which is the right reading for the
analyte level V°, and the m-graph results on recoverability apply to it (Section 4.1). We reserve
“structurally undefined” for the recorded value V', the output of a measurement event that did not
occur.

3.3 Assumptions

Table 1 lists the assumptions; each result states which it uses. Assumption 4 (biological invariance)
is the hypothesis whose identifiability is at issue. Assumption 6 is stated in two parts because
its components play distinct roles: exclusion (6a) removes a direct effect of ordering and of the
representation on the outcome, and representation sufficiency (6b) requires that, within each
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Figure 2: Selective measurement and structural undefinedness. (a) Ordering intent responds
to physiology and site practice (the case-mix edge E — Z* of Figure 1 is omitted); S gates whether
V exists. The analyst’s encoding (purple, dashed) maps (S, V) to V, from which S can be read
off exactly. (b) For patients C and D no specimen was drawn; their value is undefined rather than
unknown, and the sentinel —1 records only that no lactate was ordered.

representation cell, the distribution of true physiology is the same at every site. Exclusion has a
practical consequence for mortality outcomes: a death before the specimen could be drawn would
force both S =0 and Y = 1, so ordering would carry outcome information beyond physiology and
violate Assumption 6a. We therefore take Y to be measured from the end of the measurement
window (a landmark design), so that early deaths are handled as a separate competing event.
We do not assume Y Il E | Z directly, because that is the observable implication to be tested.
The graph does not imply Assumption 6b: Z is a child of Z* and does not separate F from Z*.
Assumptions 5 and 7 describe the usual situation in multisite cohorts: case mix differs between sites,
and a finite-dimensional embedding loses information about the state it summarizes.

3.4 Falsification versus identification

Definition 1 (model class). M consists of structural causal models M on (E, Z*, Z,Y), each with
a latent state space Zj,; and mechanisms

E = fg(Ug), 7% = fz«(E,Ug), 7Z = f7(Z*,Uyp), Y = fy(Z%,E,Uy),

with mutually independent exogenous variables U. The mechanisms induce the Markov kernels
pu(e), pap(z* | e) (case mix), pas(z | 2*) (representation channel), and pp(y | 2*,e) (outcome
kernel), and through them the observational distribution

pu(y.ze) = Y pu(y =" e)pa(z | 25) par(2* | €) pale). (2)

2*€Zy,



Table 1: Assumptions, their role, and whether observational data can check them. Assumption 1
(censoring ignorability) is used by no result and is discussed in ST S1.

Assumption Statement Role Checkable from
observational data?
A2 Positivity O0<P(S=1|2*= Ensures H(S) > 0; restricts Partly:
z*,E =¢) <1 forall completions in Theorem 1(i) Theorem 1(ii)—(iii)
(z*,e) with p(z*,e) >0 need only

0<P(S=1)<1,
which is checkable;
part (i) uses the
per-site condition

A3 Domain V undefined on {S = 0} Forces an encoding choice A matter of
restriction (Theorem 1) definition

A4 Biological p(y | z*,e) =p(y | z*) for Hypothesis under investigation No (Theorem 3,
invariance all e with p(z* | e) >0 Proposition 1)

A5 Case-mix p(z* | e) # p(z* | ') for Makes posteriors site-dependent ~ Implied when
heterogeneity some e # ¢ p(z | e) varies and

the channel is
site-invariant

A6a Exclusion Y U (ZS5)|ZE Auxiliary condition (Theorem 2)  No

A6b Z* W E|Z on Zg, Auxiliary condition (Theorem 2); No
Representation generically fails under A5 and A7

sufficiency

A7 Lossy Z* is not almost surely a Makes posteriors non-degenerate  No; holds for
representation function of Z finite-dimensional

embeddings of a
richer state

The graph of every M is contained in £ — Z* — Z, Z* — Y, E — Y. The latent state space is
not fixed in advance, because Z* is never observed. The mechanism f; summarizes the path from
physiology through the observed record to the representation. The class builds in Assumption 6a,
because fy does not take Z as an argument, and holds the channel fixed across sites, which favors
identification; site-dependent channels can only enlarge the set of equivalent models. Every result
below depends on M only through these kernels, and, for finite or standard Borel state spaces, every
family of kernels is induced by some choice of mechanisms, so we specify models by their kernels.
Following common usage we call the outcome kernel the outcome mechanism.

Definition 2 (observational equivalence). My ~ Ms if par, (y, 2z, €) = par, (v, 2, €) for all (y, z, e).

Definition 3 (identifiability). A property A is identifiable over M if M; ~ My implies that A
holds in M exactly when it holds in Ms. A single equivalent pair that disagrees about A refutes
identifiability.

Definition 3 is Pearl’s general definition of identifiability [20, 38], under which a quantity is
identifiable given a set of assumptions if every two models that satisfy the assumptions and induce
the same observational distribution agree on it, with the quantity taken to be the indicator of
whether A holds. All models in M have graphs contained in the graph of Definition 1, in which
Assumption 4 states that the edge F — Y carries no dependence, so identifiability asks whether



matching observational distributions over this common graph force agreement about that edge.
Because Z* is latent, its state space is part of the model; in the worked example of Section 4.4, Z* is
binary in both models of the equivalent pair, so fixing the state space does not restore identification.

Definition 4 (testable implication). A restriction R on the observed distribution is a testable
implication of hypothesis H if every model satisfying H induces a distribution satisfying R.

Falsifiability does not imply identifiability. A hypothesis can imply an observable restriction, so
that data can refute it, while an equivalent model in which it is false still exists, so that data can
never confirm it. Theorem 2 and Proposition 1 show that the conjunction of Assumptions 4 and 6
is in this position; Theorem 3 and SI Remark 1 show that Assumption 4 alone is neither identifiable
nor falsifiable.

3.5 Where the claims sit in the causal hierarchy

Pearl’s causal hierarchy distinguishes associational (Layer 1), interventional (Layer 2), and counter-
factual (Layer 3) claims, and data from a lower layer generally do not determine quantities at a
higher one [39]. Every formal result in this paper is a Layer 1 statement. Assumptions 4 and 6, the
restriction of Eq. (6), the information quantities of Theorem 1, and the equivalences of Theorem 3
and Proposition 1 all concern conditional distributions of observed and latent variables. For these
results the graph of Definition 1 (£ — Z* — Z, Z* - Y, E — Y), which summarizes Figure 1
with the ordering nodes absorbed into the representation channel, held fixed across sites as in
Definition 1, and the edge E — Y allowed, can be read as a Bayesian network, and the structural
models of Definition 1 enter only through the kernels they induce. The causal reading enters at two
points. Interpreting Assumption 4 as “the same biological mechanism at every site” is the Layer 2
claim p(y | do(z*),e) = p(y | do(z*)); because every back-door path from Z* to Y begins Z* + F,
in Figure 1 and in that graph, p(y | do(z*),e) = p(y | 2%, e), and the two readings coincide. The
contrast in the last row of Table 2, moving a patient between sites, is an intervention on E. Because
non-identifiability already holds for the Layer 1 property, it holds for its causal reading as well: if
p(y | 2%, e) is not determined by the observed distribution, neither is the interventional quantity
that equals it under the graph. No result requires counterfactual assumptions.

4 Results

4.1 A single dataset cannot separate value from ordering

Dividing what a laboratory test says about the outcome into a part due to its value and a part due
to the decision to order it requires a joint distribution of the outcome, the value, and the ordering
indicator over the whole population. There are two candidates for the value. The analyte level
V° is defined for every patient but observed only when the test is performed. The recorded value
is observed whenever it exists, but under Assumption 3 it exists only on {S = 1} and has to be
extended to the whole population by an encoding such as Eq. (1). The next theorem shows that
neither candidate supports the separation. It is stated first for the mutual informations to which
any such division must add up, with no commitment to a particular decomposition method, and
then for partial information decomposition (PID), the method usually proposed for this purpose.



Theorem 1 (a single dataset cannot separate value from ordering). Let Assumption 2 hold.

(i) Analyte level. Let Y and V° be discrete, suppose P(S =0) >0, HY | S=0) >0, and
p(y,v° | S =1)> 0 for every (y,v°), and place no restriction on how ordering depends on V° beyond
Assumptions 2 and 6a and the observed distribution of (Y, S, \7) That distribution determines the
law of (Y,V°) on {S = 1}; the assumptions require p(v° | y, S = 0) to be positive for every (y,v°)
but restrict it no further; and I(Y;V° | S) takes every value in

[P(S=1)I(Y;V°| S=1), P(S=1)I(Y;V®|S=1)+ P(S=0)H(Y | S=0)) (3)

as p(v° |y, S = 0) ranges over the compatible laws, provided V° can take at least as many values as'Y
(values arbitrarily close to the upper end are then attained). Hence I(Y;V°,S)=1(Y;S)+I(Y;V° |
S) is not identified, and neither is at least one of the redundant, unique, and synergistic terms of
any decomposition of it.
(ii) Recorded value. IfV is defined by Eq. (1), then S = 1[V # @] almost surely, so H(S | V) =0
and
I(V;8)=H(S) >0, (4)

whatever the joint law of (Z*,S*,C,V), including when ordering is independent of physiology.
(7ii) PID of the recorded value. For every redundancy measure that satisfies the Williams—Beer
azioms [25, 26] and is invariant under injective re-encoding of a source, and for every outcome Y,

Red(Y;V,8) = I(Y;5), Ung(Y; 5\ V) =0,

Syn(Y:V,S) =0, Unq(Y;V\S)=I1(Y;V)—-I(Y;9). (5)

Proof sketch. (i) The observed distribution fixes p(y, s) and p(y,v° | S = 1). A positive conditional
law g(v° | y) on {S = 0} completes it to a joint law with full support, and the data-generating process
of Figure 1 produces each such completion while satisfying Assumptions 2 and 6a: take Z* = (V°, W)
with Y := W, and let ordering intent given Z* have the positive probabilities the completion implies.
Assumptions 2 and 6a force each completion to be positive wherever p(y,v° | S = 1) is. A positive
q free of y gives I(Y;V° | S = 0) = 0; positive ¢ that concentrate on an injective function of ¥’
give values approaching H(Y | S = 0). The compatible completions form a convex set on which
I(Y;V°| S =0) is continuous, so every intermediate value is attained. The terms of any bivariate
decomposition sum to I(Y;V°,S), so they cannot all be identified. (ii) On {S =1}, V =V # &;
on {S =0}, V =@. Hence S is a function of V, and H(S) > 0 by Assumption 2. (iii) Because S is
a function of V, the monotonicity equality condition and re-encoding invariance give Red = I (Y;S);
the remaining terms follow from the bivariate decomposition identities and I(Y;V,S) = I(Y; V).
Full proofs in SI S3, which also shows that the measures of Williams and Beer, Bertschinger and
colleagues, and Griffith and Koch [25-27] are re-encoding invariant. O

Part (i) is a recoverability statement in the sense of the missingness-graph literature [36, 37].
When the decision to order can depend on the analyte itself, directly or through the clinician’s
suspicion, the analyte’s distribution among untested patients cannot be recovered from the data,
and every quantity that depends on it inherits this: the information the value would carry about
the outcome, and any way of dividing that information between value and ordering. The statement
needs no axioms about how information is decomposed. It is removed only by assumptions that

10



make the untested distribution recoverable, for example that ordering is independent of the analyte
given the outcome and other observed variables, which selective ordering in the EHR is designed to
violate, or by measuring every patient (Section 4.5). In a small example with binary ¥ and V°, two
completions that agree on everything observed and satisfy every assumption give I(Y;V°,S) = 0.247
and 0.556 bits (SI S3).

Parts (ii) and (iii) concern the other candidate. The code for “not measured” is a record of the
ordering decision. The axioms in part (iii) say, informally, that redundancy does not depend on the
order in which sources are listed, that a single source shares all of its information about Y with
itself, and that adding a source to a collection can only reduce what the collection shares, with no
reduction when the added source is a function of one already present; re-encoding invariance says
that relabeling a source’s values leaves the result unchanged. SI S3 states the axioms formally and
checks them for the measures cited. Every admissible redundancy measure therefore attributes all of
the ordering indicator’s predictive content to information “shared” with the value, leaving ordering
no unique information and no synergy, whichever measure is chosen [25-27]. If lactate is ordered
mainly when a clinician suspects sepsis and unmeasured lactate is stored as —1, PID will report
that “lactate” and “ordering” share whatever mortality information clinician suspicion carries, even
if measured lactate values add nothing. None of this makes a missingness indicator a poor predictor;
it is often among the most informative features available [1], and handling of missingness that would
be inappropriate for causal or descriptive aims can be appropriate for prediction [40]. The point is
interpretive: a decomposition applied to a sentinel-encoded value cannot be read as separating what
the value says from what the order says. Other encodings run into the same problem in a different
form.

Corollary 1 (no encoding-neutral resolution). Under Assumptions 2 and 3, any decomposition
into “value” and “ordering” contributions must (a) restrict to measured patients, on whom S is
constant, so the ordering channel is removed rather than decomposed; (b) fill in V.= W on {S = 0},
in which case I(f/; S) =0 if and only if the law of W given S = 0 equals the law of V' given S =1,
and otherwise the information about ordering is a property of the fill-in rule; or (c) posit a value
for unmeasured patients, which contradicts Assumption 8 or, if the analyte level V° is used instead,
makes the decomposition depend on a distribution that is not identified (Theorem 1(i)). (Proof in SI
53.)

4.2 Cross-site invariance is a falsifiable implication

Theorem 2 (testable implication of biological invariance). Under Assumptions 4 and 6,
py|zE=¢e)=pyl|z) foreveryeec& andz € Zg,. (6)

Proof. Fix e and z € Zg,. Then
1 20) = Sply | .50 Yp(=* | z,¢) Zpy\z &) p(=* | 2,¢)
a > p 20" | 2.0 S bl #)p(" | 2),
o
which does not depend on e. t

11



Each assumption removes the site dependence of exactly one factor. Theorem 2 converts a
statement about latent physiology into a restriction on observables that can be tested in any cohort
with two or more sites, for example by testing Y 1l E | Z within strata of Z. By contraposition, a
reliable violation shows that at least one of Assumptions 4, 6a, and 6b fails. The implication runs
in one direction only; passing the test establishes none of the three.

Proposition 1 (passing the test does not establish biological invariance). Let Y be binary and
let Pops be any distribution of (Y, Z, E) with finite Z that satisfies Eq. (6), with P(Y =1 z,e) €
(0,1) wherever P(z | €) > 0 and Zg, non-empty. Then some Mz € M generates Py, satisfies
Assumptions 6a, 6b, and 7, and violates Assumption 4.

Proof idea. Augment the latent state to (Z, U) with an independent binary U, and add site-specific
perturbations +4. to the outcome mechanism that average to zero over U within every representation
cell (SI S4). O

Assumption 4 on its own has no testable implication over M: any distribution of (Y, Z, E) on
finite alphabets is generated by a site-invariant mechanism if Z* is taken to be (Z,Y) (SI Remark 1).
A passed test therefore constrains a margin of the joint distribution and says nothing on its own
about the mechanism beneath it.

4.3 Non-identifiability of biological invariance

The central construction replaces the latent physiology of a model by the representation itself and
moves all remaining site dependence into the outcome mechanism.

Lemma 1 (collapsing construction). For My € M, define My by 23, = Z, pu,(e) == pay (e), and

Py (2" | €) i=pa (Z = 2" |e),  pumy(z]27):=1[z=27],

ng(y | Z*ve) = DPM,y (y ’ Z = Z*>€)‘

(7)

Where py, (Z = z* | e) = 0, the last conditional is undefined; set par,(y | 2%, €) to its value at any
site where z* occurs (or to any fixed distribution if z* occurs at no site), a choice that does not
affect par, (y, z,e). Then My € M and My ~ M;.

Proof. Substituting Eq. (7) into Eq. (2), the identity channel collapses the sum to z* = z, giving
Pm, (ya 2, 6) = PM (y ‘ 2, 6) Prvn (Z | 6) p(e) = DPMy (ya 2, e)‘ O

Theorem 3 (non-identifiability of biological invariance). Let My € M satisfy Assumption 4 and let
My be given by Lemma 1. Then My ~ My; Moy satisfies Assumptions 6a and 6b; and My satisfies
Assumption 4 if and only if, for every z, pa, (y | z,e) is the same at all sites e with par, (z | e) >0
(with two sites, if and only if it does not depend on e on Zg,). Consequently, whenever My satisfies
Assumption 4 but its representation-conditional outcome law varies across sites, My and My are
observationally equivalent and disagree about Assumption 4, which is therefore not identifiable over
M. When the variation occurs on Zg,, My violates Assumption 6b while Moy satisfies it, so a failed
invariance test cannot be attributed to a failure of Assumption 4 rather than of Assumption 6.
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Proof. In My, Z = Z* almost surely, so 6a and 6b hold trivially, and by Eq. (7) the mechanism is
free of e exactly under the stated condition. If M; satisfied 6b, Theorem 2 would make pys, (v | 2, €)
invariant, a contradiction. O

Non-identifiability therefore reduces to one question: do models exist that satisfy Assumption 4
yet have site-varying representation-conditional outcome laws? Under Assumption 4 and Bayes’
rule,

pan(y|ze) =Y pan (| 25)pan (2 | 2,€),  pa (27 | 2,€) o pary (2 | 2) pan (2% | €). (8)
Z*
The mechanism is shared; all site dependence enters through the posterior, and there only through
the case-mix prior. Conditioning on Z does not block the path & — Z* — Y, because Z is a lossy
descendant of Z* rather than a node on the path (SI Figure S1); only conditioning on Z* itself
would block it, and Z* is unobserved.

Proposition 2 (exact conditions for binary physiology). Let M satisfy Assumption 4 with Z* €
{0,1}, and write p, == P(Y =1|2Z* =k), ¢ :=P(Z*=1|e€), a, :=P(Z =2 |2*=1), and
b, :=P(Z =2z|2Z*=0). Then, for z with py,(z | €) >0 and pp, (2| €') > 0,

G2(e
azqe +2(1 — ge)’ 9)

P(Y:]- ‘ 2, 6) = po + (,Ufl - MO) WG(Z), We(z) =
Acer(2) = (p1 — po) [me(2) — mer (2)],

and the cross-site gap Ac e (2) is non-zero if and only if (a) p1 # po, physiology affects the outcome;
(b) qe # qer, case mix differs; and (c) a, >0 and b, > 0, the representation is lossy at z.

Proof. Eq. (9) is Eq. (8) with binary Z*. If a,b, = 0, m.(z) € {0,1} for every e. Otherwise
dr/dq = a.b,/[a,q+ b,(1 —q)]? > 0, s0 7e(2) = 7o (2) if and only if go = ger- O

Proposition 3 (genericity for finite state spaces). With finite alphabets Z*,Z,Y,E, each with at
least two elements, and p(e) > 0 fized, the set of parameters of models satisfying Assumption 4 for
which p(y | z,e) is invariant in e on Zg, has Lebesgue measure zero. (Proof in SI S4: invariance
requires a polynomial in the parameters to vanish, and the example of Section 4.4 shows that the
polynomial is not identically zero.)

Exact cancellation of case-mix differences within every representation cell is therefore non-generic,
in the same sense as violations of faithfulness [41, 42], so the models Theorem 3 requires are typical
rather than contrived. The same reasoning applies in reverse to Proposition 1, whose model M3
relies on exact cancellation of site-specific perturbations within every representation cell, so that
a genericity argument favors the conjunction of Assumptions 4 and 6b when the test is passed.
Genericity bears on which explanation is typical, not on what the data identify. Measure zero
concerns exact cancellation; approximate cancellation, which produces a gap too small to detect at a
given sample size, is not excluded, and the sensitivity analysis of Section 4.4 is the tool for that case.
Two extensions close the obvious escape routes (SI S4). The equivalent model can be chosen to
satisfy Assumptions 5 and 7 as well, by augmenting its latent state with an independent coordinate,
so restricting attention to lossy, heterogeneous models does not restore identifiability. And applying
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M1: “different patients” M2: “different care”

same mechanism at every site (A4 holds); each cell Z = z is homogeneous;
sites differ in who lies within each cell Z=z sites differ in what happens to the same patients (A4 fails)
no E =Y edge E—Y present: ply | z*, €) :=puly | 7, €)

4 - N

o ZF

\ , ‘ ) \

. N ply | z* N
;?Zsf ‘mg site-invariant p(z* | e) = piz | e)
identity:
lossy channel 7=7*
p(z | z*)

Identical observed distribution p(y, z, € — no observational data on (Y, Z, E) can tell M1 from M2

Figure 3: Observational equivalence. Left, M;: biological invariance holds (no F — Y edge),
case mix differs by site, and the representation is lossy, so the posterior over physiology within a
cell Z = z depends on the site. Right, My (Lemma 1): the latent state is the representation itself
and the outcome mechanism is site-specific (£ — Y present). Both induce the same p(y, z, €).

Lemma 1 to the full observed record W := (Z,V) yields a model equivalent on (y, 2, s,v,e) (SI
Corollary 2). Ordering indicators and values can sharpen the posterior over physiology. Without
further restrictions on how the record depends on physiology, they remove the ambiguity only if they
pin down its outcome-relevant component; restrictions such as conditionally independent proxies
or a bounded latent state space can bring latent-variable identification results into play, but they
are assumptions in their own right. When ordering practice differs by site, ordering indicators and
values add a further source of site dependence.

Figure 3 contrasts the two worlds: in M the sites have different patients within each representa-
tion cell; in My they give the same patients different care. The joint distribution of (Y, Z, E') cannot
distinguish them.

4.4 A worked instance

Let E,Z*,Z,Y € {0,1}. For concreteness, read E as two hospital systems, Z* as true sepsis status,
Z as a high-risk flag from a lactate-based embedding, and Y as 30-day mortality (the numbers
are stylized and chosen for arithmetic transparency; a conditional mortality of 0.8 is higher than
is typical in sepsis cohorts). In M; (Table 2), case mix differs (qo = 0.3, ¢ = 0.7), the channel is
identical at both sites with 10% error (a3 = 0.9, by = 0.1), and the mechanism is site-invariant
(o = 0.2, uy = 0.8). Then P(Z =1 | e) = 0.34 and 0.66, and among patients with Z = 1 the
posterior probability of the high-risk state is 27/34 ~ 0.794 at site 0 and 21/22 ~ 0.955 at site 1.
By Eq. (9), the observed mortality in the Z = 1 cell is 23/34 ~ 0.676 and 17/22 ~ 0.773: a gap
of 18/187 ~ 9.6 percentage points, with an identical gap in the Z = 0 cell. Lemma 1 then gives
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Table 2: M; versus Msy: different structures, identical observations.

Quantity

M, (“different
patients”)

M (“different care”)

Latent state

1
Channel P(Z =1|2* =1), P(Z=1]|Z* = 0)
Mechanism P(Y =1|Z*=1)at E=0, E=1
Mechanism P(Y =1|Z*=0)at E=0, E=1
Assumption 4 / Assumption 6b
P(Y,Z | E =0) at (1,1),(0,1), (1,0), (0,0)
P(Y,Z|E=1)at (1,1),(0,1),(1,0), (0,0)

Z* distinct from Z
0.30, 0.70

0.9, 0.1 (lossy)
0.800, 0.800

0.200, 0.200

Holds / fails

0.23, 0.11, 0.15, 0.51
0.51, 0.15, 0.11, 0.23

Z*=2Z

0.34, 0.66

1, 0 (identity)
0.676, 0.773

0.227, 0.324

Fails / holds

0.23, 0.11, 0.15, 0.51
0.51, 0.15, 0.11, 0.23

Effect of moving a Z* = 1 patient from site 0 to site 1 =~ None +9.6 percentage points

M, whose site-specific mechanism equals these observed rates. Both models induce the same joint
distribution (Table 2; exact fractions in SI S5).

The gap is detectable at ordinary sample sizes: about 340 patients per site in the Z = 1 stratum
give 80% power to detect it at o = 0.05. More observational data sharpen the estimate of the gap
but cannot adjudicate between M; and Ma.

Eq. (9) nonetheless supports a calculable sensitivity analysis. If an analyst posits a symmetric,
site-invariant representation error rate ¢, the case mix is recovered as ¢ = [P(Z =1 | e) —¢] /(1 —2¢),
and because |1 — po| < 1, biological invariance can explain a gap of at most |m(2) — mp(2)]| in cell
z. In the example this maximum is 0.029 at € = 0.02, 0.075 at ¢ = 0.05, and 0.160 at € = 0.10, so
the 9.6-point gap in either cell is compatible with Assumption 4 only if € 2 0.063. This one-cell
bound is a necessary condition. Using both cells is sharper. The binary model with a symmetric,
site-invariant channel is a latent-class model of the kind used to estimate diagnostic error rates
without a gold standard [34]: under Assumption 4 it has five parameters (qo, q1, €, po, 1) for six
observed degrees of freedom, so it imposes a testable restriction and, when that restriction holds,
identifies € € [0, %) provided qg # ¢1 and pg # 1. In the example the four cell rates are reproduced
exactly only at € = 0.10, which recovers Mj. This does not contradict Theorem 3: ¢ is identified
only conditionally on Assumption 4, and Ms, which is binary with a symmetric channel (¢ = 0) but
a site-specific mechanism, fits the same data exactly. The calculation is therefore a joint test of
Assumption 4 and the parametric latent model. An external estimate of the error rate, for example
from a validation study of the embedding against adjudicated sepsis status, is what turns it into
evidence about Assumption 4: an error rate credibly different from 0.10 would, within this model,
count against it.

4.5 Routine measurements remove the gate

Everything above turns on the ordering indicator. Some measurements have none in practice: a
basic metabolic panel or complete blood count drawn at nearly every inpatient or intensive care
admission is measured for every patient. For such a test S = 1, the recorded value exists for
everyone, and its distribution is observed without selection. Theorem 1(i) and (ii) no longer apply,
because P(S = 0) = 0 and H(S) = 0; the site-specific ordering pathway into the representation
(ST Corollary 2) disappears; and every value the test can take is observed at every site. Routine

15



measurements therefore show what the data look like without the gate. They also make it possible
to state conditions under which the cross-site comparison identifies biological invariance. In Figure 1
a measured value is a child of physiology with no edge to the outcome, so Y 1L V' | (Z*, E); two
routes to identification follow.

Proposition 4 (an exact routine summary identifies biological invariance). Let a test be performed
for every patient at every site, with value V = g(Z*) for a function g that is the same at every site,
and let every physiological state occur at every site. Suppose the outcome depends on physiology
only through this value: there are kernels he with p(y | z*,e) = he(y | g(2*)). Then Assumption 4
holds if and only if p(y | v,e) does not depend on e for every value v of V.

Proof. For each v and e, p(y | v,e) = >+, y(ze)=0 he(y | V) p(z* | v,€) = he(y | v). Assumption 4
states that he(y | g(z*)) does not depend on e for any z*; because every state occurs at every site,
this is the statement that p(y | v,e) = he(y | v) does not depend on e for any value v. O

Corollary 3 (a routine reference standard calibrates the sensitivity analysis). In the binary model
of Proposition 2 with a site-specific mechanism py . = P(Y =1|Z* =k, E = e), suppose a routine
test satisfies V.= Z* at every site. Then the case mix qo = P(V =1 e), the representation’s error
rates a, = P(Z =2z |V =1) and b, = P(Z =2 |V =0), and pp. = P(Y =1 |V = k,e) are
identified, so Assumption 4 can be tested directly and the cross-site gap of Eq. (9) splits into its
case-mix and mechanism parts.

In the worked example, such a reference standard would show case mix of 0.3 and 0.7, error rates
of 0.1, and a mechanism that is the same at both sites, settling the question between M; and My
that the distribution of (Y, Z, F) leaves open. An exact summary of the outcome-relevant state is a
strong requirement. The second route replaces it with two imperfect tests, and uses the case-mix
difference between sites, the source of the ambiguity in Proposition 2, as the source of identification.

Proposition 5 (two tests and a case-mix difference identify biological invariance). Let physiology
be binary, Z* € {0,1}, at two sites with case miz qy # q1, both in (0,1). Let two binary tests V3
and Vy be performed for every patient at both sites, with sensitivities and specificities that are the
same at both sites and sum to more than one for each test, and let V1, Vs, and Y be conditionally
independent given (Z*, E). Then the case miz, both tests’ error rates, and the site-specific mechanism
pre =P =1|2Z* =k, E = e) are identified from the distribution of (Y, V1, Vs, E); in particular,
Assumption 4 is identified.

Proof. At each site, p(vi,v2 | €) follows a latent-class model with prevalence ¢ and error rates
common to both sites. With two populations of different prevalence and conditionally independent
tests, these six parameters are identified from the six observed degrees of freedom up to swapping
the labels of Z* [34], and the condition that sensitivity and specificity sum to more than one fixes
the labels. For vy € {0,1}, P(Y=1,Vi=v1 | e) = >, P(Z*=k | e) P(Vi=v1 | Z*=k) pij, ¢ is a linear
system in (g, f11,e) whose determinant is & ¢.(1 — g.)(sens; + spec; — 1) # 0, so it has a unique
solution. O

Neither proposition contradicts Theorem 3. Proposition 4 assumes that the measured value
captures all of the outcome-relevant physiology, which excludes the lossy models on which Theorem 3
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relies; Proposition 5 assumes binary physiology and conditional independence of the tests and
the outcome given it, under which the latent-class structure is identifiable. The observational
distribution cannot check these assumptions, and the identification comes from them. They are,
however, assumptions about assays, which laboratory knowledge can support, rather than about how
sites treat patients. Because exclusion (Assumption 6a) makes the outcome mechanism the same
among tested and untested patients, both propositions also apply within the tested subpopulation
when ordering depends only on physiology and site, as in Figure 1; routine measurement supplies
what that application would otherwise have to assume: that every state and value is observed at
every site, that, for Proposition 5, the case mix among tested patients still differs between sites
(site-dependent ordering can equalize it), and that the representation carries no site-specific ordering.
A numerical check of Proposition 5 is included with the code accompanying this article.

5 Discussion

5.1 What researchers should do differently

Four changes follow. A claim that a representation “captures biology” because its relationship
to outcomes is stable across sites should be restated as a claim about the joint hypothesis of
Assumptions 4 and 6. Failed and passed tests should be reported as “inconsistent with” or “consistent
with” that hypothesis rather than as evidence of biological difference or sameness. Sentinel codes and
missingness indicators should be treated as carriers of care-process information. Cross-site analyses
should report sensitivity analyses over interpretable parameters, such as case-mix contrasts and
representation error rates, and should state whether interventional or quasi-experimental variation
in ordering was available. Table 3 turns these points into reporting items.

5.2 Implications for representation learning, invariant prediction, and equity

A representation may transfer well across sites because mechanisms are shared or because site-specific
mechanisms and case mix cancel within representation cells (Proposition 1); it may transfer poorly
because mechanisms differ or because identical mechanisms are seen through a lossy representation
of different populations (Proposition 2). External validation therefore estimates performance in a
new setting, which is what it is for; it does not license a statement about mechanism. Methods
that seek predictors stable across environments [16-18] likewise need representation sufficiency
(Assumption 6b) as a stated premise when invariance is sought in a learned representation rather
than in the latent state.

The construction also bears on health equity [10, 11]. When populations differ in both case
mix and care, a difference produced by unequal care can be read as a biological difference between
populations, which is one way institutional inequity comes to be encoded as apparent biology
[11]. The reverse error is also possible: a real physiological difference can be misread as a practice
effect. Claims that attribute group or site differences to biology need justification from outside the
observational data.
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5.3 What remains actionable

Four forms of evidence survive the result. Falsification and corroboration: repeated survival of the
invariance test across independent site pairs and laboratory types corroborates the joint hypothesis,
and a reliable failure falsifies it without localizing which part failed. Sensitivity analysis: Eqs. (8)
and (9) give the cross-site gap that biological invariance alone would produce for posited case-
mix contrasts and error rates. This turns an unanswerable yes-or-no question into a bounded,
reportable quantity, in the spirit of partial identification [23, 24]. Routine-measurement anchoring:
protocolized, near-universally ordered measurements remove the ordering gate (Section 4.5). On
their own they remove only the site-specific ordering pathway of SI Corollary 2, not the case-mix
pathway of Proposition 2; an exact summary of the outcome-relevant physiology, or two tests with
independent errors at sites with different case mix, make the invariance comparison an identification
strategy (Propositions 4 and 5), and a routine reference standard turns the sensitivity analysis
into a calibration (Corollary 3). Additional identifying variation: randomized or protocol-driven
changes in ordering practice, such as stepped-wedge guideline changes or natural experiments,
supply information absent from the observational distribution. Digital twins [43], which couple
EHR data with mechanistic physiological models, and retrieval-augmented language models [44, 45]
applied to each site’s written ordering protocols could bring in information of a related kind: a
mechanistic model supplies an explicit assumption about Z*, and documented protocols constrain
the ordering process directly. Neither removes the boundary, and neither has been shown to identify
the mechanism, but both turn implicit assumptions into stated, checkable ones.

The title’s metaphor is meant in this sense. Dark matter is inferred from its gravitational effects
on what can be observed, and its properties are constrained by triangulating across independent
channels. Clinical judgment stands in a similar relation to the EHR: ordering intent and the
practice component of the outcome mechanism are never recorded, yet they shape which values
exist (Theorem 1) and how representation cells relate to outcomes (Theorem 3). Bell’s theorem
[46] is a point of comparison for the logical form of the result, though only for the form: Bell
showed that every local hidden-variable model implies an inequality on measurable correlations, so
a hypothesis about unobservables can be tested. Our results concern the same kind of question,
which latent-variable models are compatible with which observed distributions, and land on the
other side of it: biological invariance implies no observable constraint on its own (SI Remark 1),
and acquires one only when conjoined with Assumption 6 (Theorem 2). The practical consequence
is that clinical judgment has to be constrained by triangulation across sites, measurement types,
and interventional variation; a single observational dataset cannot model it away.

6 Limitations

Theorem 1 and Corollary 1 hold for any joint law given Assumptions 2 and 3; part (i) of Theorem 1
assumes full support among tested patients and no restriction on how ordering depends on the analyte
beyond Assumptions 2 and 6a, and under the recoverability conditions of the missingness-graph
literature [37] parts of the joint law become identified; part (iii) additionally requires re-encoding
invariance of the redundancy measure. Propositions 4 and 5 exchange the observational limit for
assumptions the data cannot check, an exact summary of the outcome-relevant state or conditionally
independent tests of binary physiology. The other results are exact within the stated model class,
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except that Proposition 3 is generic rather than universal. The model class holds the representation
channel fixed across sites and builds in exclusion (Assumption 6a). Relaxing the first only strengthens
non-identifiability. The second is substantive: where a test result triggers treatment that changes
prognosis independently of physiology, the outcome mechanism must include S, and the identification
problem changes form; the same applies when Y is mortality and early deaths are not separated by
a landmark design (Section 3.3). The worked example and the sensitivity calculation are binary,
with a symmetric, site-invariant channel. Lemma 1 and Theorem 3 do not require discreteness, but
a continuous analogue of Proposition 3 and general sensitivity models remain open. The framework
is cross-sectional and treats the encoder as fixed. The invariance test of Section 4.2 is stated for
discrete Z; with a continuous embedding, binning or a conditional-independence test introduces
choices that we do not analyze. Theorem 3 concerns point identification of a binary property and
does not rule out informative partial identification of the degree of invariance violation [23, 24].

7 Conclusion

Within the model class studied here, biological invariance across clinical environments is not
identifiable from observational data. Whether representation-conditional outcomes differ across sites
(Theorem 3) or agree (Proposition 1, for a binary outcome with cell rates strictly between 0 and
1; SI Remark 1), the observed distribution is generated both by a model in which the biological
mechanism is site-invariant and by one in which it is not. Because the gap lies in the relation
between the data-generating process and the data rather than in sampling error, more data and
better estimators leave it where it is. Observational EHR research remains informative. Cross-site
invariance is a falsifiable implication of a clearly stated joint hypothesis. Sensitivity analysis can
bound how much of an observed difference case mix and representation loss could explain, and
interventional variation can supply what passive observation cannot. The coupling of patient and
care in routine clinical data is therefore an identification boundary; no estimator applied to the
observational distribution alone removes it. What we recommend is to state the boundary and
report what can be learned inside it, and to look outside it for identifying variation.
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Table 3: What each analysis can establish from observational data, and what should be reported.

Analysis Can establish Cannot establish Report Basis
Dividing Nothing about Any such division: How unmeasured Theorem 1,
information separate the analyte’s values were encoded  Corollary 1

between value and
ordering in one
dataset (including
PID)

Cross-site test of
Y U E| Z, failed

Same test, passed

Adding ordering
indicators and
values

Sensitivity analysis
over case mix and
representation loss

Cross-site
comparison using
measured tests

Interventional or
quasi-experimental
variation in
ordering

physiological and
care-process
contributions

That the conjunction
of A4, A6a, and A6b
fails

Corroboration of the
conjunction

Sharper posteriors if
the record pins down
relevant physiology
Whether A4 is
compatible with the
observed gap for
posited error rates

Whether A4 holds,
given an exact
summary of
outcome-relevant
physiology, or two
conditionally
independent tests
and differing case
mix

Potentially,
mechanism-level
contrasts

distribution among
the untested is not
recoverable, and
sentinel codes fix
PID

Which assumption
failed; that biology
differs

That A4 holds, even
given A6

Identification in
general

The error rates,
except conditionally
on A4 and a
parametric latent
model

The sufficiency or
conditional-
independence
assumptions
themselves

Outside the scope of
these theorems

Sites, measurements,
representation; effect
sizes with
uncertainty

That the joint
hypothesis, not A4
alone, was tested
Whether ordering
practice differs by
site

The sensitivity
model and the error
rate needed to
explain the gap

Which tests were
used, whether they
were routine, and the
argument for these
assumptions

Whether such
variation was
available and used

Theorems 2
and 3

Proposition 1

SI Corollary 2

Proposition 2,
Section 4.4

Propositions 4
and 5,
Corollary 3

Section 5.3
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